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1. Introduction
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κν : opacity per unit mass [cm
2

g
−1

]

τ : optical distance to r

Formal solution of the

radiative transfer equation

I(r,n) = I0e
−(τ0−τ)+

∫ τ0

τ

S(τ ′) e−(τ ′−τ)dτ ′

For short: I(r,n) = ΛS (Lambda operator)

The radiative transfer equation
dIν
dτν

= Iν − Sν
dIν
ds

=−κνρ(Iν−Sν)

I = I(r, n̂, ν, t) has dimension [ erg cm−2 s−1 hz−1 sr−1]
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1. Introduction (cont.)

Radiative flux Frad =

∫

4π

∞∫

0

I(r, n̂, ν)n̂ dν dω [erg cm
−2

s
−1]

Using the radiative transfer equation we obtain for the divergence of the radiative flux:

∇ · Frad =

∫

4π

∞∫

0

(n̂ · ∇)I(r, n̂, ν) dν dω

=

∫

4π

∞∫

0

(κ(r, ν)ρ(r)S(r, ν)− κ(r, ν)ρ(r)I(r, n̂, ν)) dν dω

= 4π

∞∫

0

κ(r, ν)ρ(r)(S(r, ν)− J(r, ν)) dν = −qrad

With J(r, ν) =
1

4π

∫

4π

I(r, n̂, ν) dω being the mean intensity .
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2. Radiation transfer for stellar atmospheric simulations

The equations of ideal magnetohydrodynamics in conservation law form:

∂U

∂t
+∇ ·F = S ,

where the vector of conserved variables U , the source term S due to gravity and

radiation, and the flux tensor F are

U = (ρ, ρv,B, E) , S = (0, ρg, 0, ρg · v + qrad) ,

F =












ρv

ρvv +
(

p+ B·B
8π

)

I − BB
4π

vB −Bv
(

E + p+ B·B
8π

)

v − 1

4π (v ·B)B












.
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2. Radiation transfer for stellar atmospheric simulations (cont.)

The total energy density E is given by

E = ρǫ+ ρ
v · v

2
+

B ·B

8π
,

where ρ: mass density; v: velocity; P : gas pressure; B: magnetic field;

g: gravitational acceleration; eint: thermal energy per unit mass; Frad: radiative flux;

t: time.

Alternatively, we can define

E = ρeint + ekin + emag + epot = ρeint + ρ
v · v

2
+

B ·B

2
+ ρΦ

in which case the energy equation can be written in strict conservative form:

∂ρetot
∂t

+∇ ·

((

ρetot + P +
B ·B

2

)

v − (v ·B)B+ Frad

)

= 0
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2. Radiation transfer for stellar atmospheric simulations (cont.)

Bolometric intensity maps

With magnetic fields:

Magnetohydrodynamic simulation.

Without magnetic fields: Courtesy,

Hydrodynamic simulation F. Calvo.
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2. Radiation transfer for stellar atmospheric simulations (cont.)

qrad (per unit mass) in a vertical section through a 3D solar model. z = 1.3Mm

corresponds to 〈τ500〉 = 1. Dark/bright shades indicate radiative cooling/heating.

From Steffen (2017).
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2. Radiation transfer for stellar atmospheric simulations (cont.)

Integration on long characteristics

−

I

HD grid RT ray system
I

+

HD grid: ρ, e
EOS
→ p, T → source function S, opacity ρκ

→ interpolation → RT Rays system: S, ρκ

→ solve RT for yν = (1/2)(I+ν + I−ν )− Sν (Feautrier scheme)

RT Ray system: ρκyν = qθ,φrad → flux conservative back-interpoation

→ HD grid: qθ,φrad →
∑

θ,φ q
θ,φ
rad = qrad

toc Oskar Steinerref



2. Radiation transfer for stellar atmospheric simulations (cont.)

Integration on short characteristics

k+1/2

c
e

ll

hydro

k−3/2

k−1/2

−

+

i+1

k−1

k+1

I

i−2

I

i+2ii−1

RT ray systemHD grid

k

k−2

RT Rays system: start at top compute I−, start at bottom compute I+

→ qrad(θ, φ) = q−rad(θ, φ) + q+rad(θ, φ)

important: flux conservative interpolation of intensities
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2. Radiation transfer for stellar atmospheric simulations (cont.)

Conservation of radiative flux

k+1/2

c
e

ll

hydro

k−3/2

k−1/2

−

+

i+1

k−1

k+1

I

i−2

I

i+2ii−1

RT ray systemHD grid

k

k−2

∫
x

∫
y
F

k− 1
2

rad dxdy −

∫
x

∫
y
F

k+ 1
2

rad dxdy =

∫
x

∫
y

∫ zk−1/2

zk+1/2

−qrad(x, y, z) dxdy dz

Adapted from Steffen (2017).
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2. Radiation transfer for stellar atmospheric simulations (cont.)

K8V

K2V

G2V

F5V

- “Box in a star” simulations of

the surface layers of four

spectral types;

- Each simulation is run twice :

with and without magnetic

fields;

- Initial vertical homogeneous

field of 50 G and 100 G ;

- Multi-group radiation transfer

using 5 opacity bins;

- From Salhab et al. (2018,

A&A 614, A78).
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3. Multi-group radiation transfer Nordlund, 1982; Ludwig, 1992

qrad = −∇ · F rad = 4πρ

∫

κλ(Jλ − Bλ) dλ ,

∫

κλ(Jλ −Bλ) dλ =
∑

j

κλj (Jλj −Bλj )wλj

=
∑

i

∑

j(i)

κλj (Jλj −Bλj )wλj

=
∑

i

∑

j(i)

κλj (Λλj(Bλj )−Bλj )wλj

≈
∑

i

κi(Λi − 1)(
∑

j(i)

Bλj wλj )

.
=

∑

i

κi(Λi − 1)(Bi wi)
.
=

∑

i

κi(Ji −Bi)wi
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3. Multi-group radiation transfer (cont.)

Strategy for opacity binning:

- concentrate on radiative transfer in vertical direction,

- group together frequencies with as similar a τν(s)-relationship as

possible, so that Λλj(i)
is very similar ∀j of a given bin i,

- choose clever averaging procefure for κν , (Rosseland averages for

τi > 1, Planck averages for τi < 1).

See also Nordlund, Å: 1982, A&A 107,1; Ludwig, H.-G.: 1992, thesis Univ.

Kiel ; Vögler et al.: 2001, A&A 421, 741; Hayek et al.: 2010, A&A 517,A49.
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3. Multi-group radiation transfer (cont.)

Testing the OBM. Integrated radiative flux
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3. Multi-group radiation transfer (cont.)

Intensity maps for different opacity bins
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Notice that bin 3 to 5 show “inverse granulation” as their opacities represent

medium to strong line cores.
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4. Spectral line analysis

The purpose of radiative transfer performed in the course of the simulation is to take the

exchange of energy between matter and radiation properly into account.

For the detailed study of spectral lines, radiation transfer is carried out in a

post-processing step, after the simulation.

For this, we consider a “frozen” time instant of the simulation and assume statistical

equilibrium. Then, the population of the i-th level of the atom that produces the spectral

line is governed by

ni

N∑

j 6=i

Pij

︸ ︷︷ ︸

transitions from i to other levels

=
N∑

j 6=i

njPji

︸ ︷︷ ︸

transitions from others to level i

.

ni is the number density of atoms with electronic occupation of level i and Pij is the

probability per unit time for a transition from level i to level j with dimension [s
−1

].

N is the number of bound levels (we discard transitions to and from the continuum).
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4. Spectral line analysis (cont.)

As an additional (closure) equation we

have the particle number conservation:

N∑

j=1

nj = ǫnH ,

where ǫ is the abundance of the considered chemical element relative to hydrogen nH.

For the N -level atom we have then for each spatial grid point the following linear

system for the occupation numbers:

Wn = f

W =











1 1 · · · 1 1

P1,2 −
∑

· · · PN−1,2 PN,2

.

.

.
.
.
.

. . .
.
.
.

.

.

.

P1,N P2,N · · · · · · −
∑











; n =











n1

n2

.

.

.

nN











; f =











ǫnH

0

.

.

.

0











,

where
∑

=
∑N

j=1 j 6=i Pij is the total rate of outgoing transitions from level i to any

other level j.
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4. Spectral line analysis (cont.)

Pij = Cij +Rij consists of the collisional rate Cij and the radiative rate Rij .

Rij =







Aij +Bij J̄ij if i > j for spontaneous and induced emission,

BjiJ̄ji if i < j for absorption,

where Aij , Bij , and Bji are the Einstein coefficients. J̄ is the mean intensity

J̄ij = J̄ij =
1

4π

∫ ∫

Iνφ(ν)dν dΩ .

toc Oskar Steinerref



4. Spectral line analysis (cont.)

The net gain of photonic energy through transitions between i and j is then given by

hν[ni(Aij + Bij J̄ij)− njBjiJ̄ij ] = hνniAij + hν(niBij − njBji)J̄ij

which corresponds to the integral right hand side of the radiative transport equation

dIν
ds

= −κρ(Iν − Sν) ,

from which it follows the opacity and source due to the transition between levels i and j,

κij =
hν

4πρ
(njBjiφ(ν)− niBijψ(ν)); Sij =

niAijχ(ν)

njBjiφ(ν)− niBijψ(ν)
.

Often we assume χ = ψ = φ (complete redistribution) but for the wings of some

important spectral lines formed in the solar chromosphere this is a bad approximation

(partial redistribution).
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4. Spectral line analysis (cont.)

One row of the statistical equilibrium equations reads in expanded form

∑

j<i

[
niAij − (njBji − niBij)J̄ij

]
−

∑

j>i

[
njAji − (niBij − njBji)J̄ij

]

+
∑

j

(niCij − njCji) = 0 .

It is still a linear equation in the level population vector n, discarding the dependency of

J̄ij on the level populations.

J̄ij =
1

4π

∫ ∫

Iνφ(ν)dν dΩ , where
dIij
ds

= −κijρ(Iij − Sij) , and

Sij =
niAij

njBji − niBij
,

κij =
hν

4πρ
(njBji − niBij) .

For short: J̄ij = ΛijSij
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4. Spectral line analysis (cont.)

Remedy operator perturbation:

Λij = Λ
∗
ij+(Λij−Λ

∗
ij)

J̄ij = Λ
∗
ijSij + (Λij −Λ

∗
ij)Sij

old

= Λ
∗
ijSij + Jij

old −Λ
∗
ijSij

old

= Λ
∗
ijSij + Jij

res

∑

j<i

[
ni(1− Λ∗

ij)Aij − (njBji − niBij)J̄
res
ij

]

−
∑

j>i

[
nj(1− Λ∗

ij)Aji − (niBij − njBji)J̄
res
ij

]

+
∑

j

(niCij − njCji) = 0 .

Jacobi-like iteration, accelerated Λ-iteration

toc Oskar Steinerref



4. Spectral line analysis (cont.)

Ca II K line core image (top row rightmost panel) of a

simulated active region (top row) in comparison to Ca II K

image of an observed active region (bottom panel).

From Bjørgen et al., 2019.
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4. Spectral line analysis (cont.)

Multigrid radiative transfer

- Steiner (1991, A&A 242, 290) introduces multi-grid methods in radiative transfer.

Examples of a two-level atom model and a two-dimensional atmosphere in radiative

equilibrium;

- Fabiani Bendicho, Trujillo Bueno, and Auer (1997, A&A 324, 161) used the method in

a multi-dimensional NLTE radiative transfer code for multi-level atoms;

- Štěpán & Trujillo Bueno (2013, A&A 557, A143) implement multigrid RT in PORTA, a

three-dimensional multilevel radiative transfer code for modeling the intensity and

polarization of spectral lines;

- Bjørgen & Leenaarts (2017, A&A 599,A118) use multi-grid in their Multi3D NLTE

partial redistribution code.
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4. Spectral line analysis (cont.)

Convergence behavior for MALI and multi-grid for a three-level Ca II atom (left) and a

hydrogen atom (right) for a Bifrost atmosphere. From Bjørgen & Leenaarts (2017)

toc Oskar Steinerref



5. Radiative transfer challenges parallelization

In time-independent radiative transfer, the mean intensity at every grid point

immediately depends on the intensities at any other point in the computational domain.

This renders parallelization a challenge because for the computation of the intensities in

a subdomain, the boundary intensities should be known for subdomains upstream of

the present one.

- Poor man’s parallelization use for the subdomain boundaries intensities from the

previous time step or iteration. (Potential troubles with radiative flux conservation.)

- If using azimuthal directions parallel to the horizontal cartesian coordinates x and

y alone, domain decompositions can proced in slabs parallel to the x-z-plane and

parallel to the y-z-plane.

- Parallel processing of frequencies or directions.
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5. Radiative transfer challenges parallelization (cont.)

- Plane parallel domain decomposition and the snake algorithm

Nz

z1z1 N
2

=

2

z1
1

D

D2

D3

1

From Štěpán & Trujillo Bueno (2013, A&A 557, A143)
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5. Radiative transfer challenges parallelization (cont.)

The formal solution is divided into the intrinsic

solution (yellow) and the boundary solution

(blue). The calculation proceeds in three steps:

(i) parallel processing of the intrinsic solution, (ii)

sequential computation of the domain

boundaries, (iii) parallel processing of the final

solution.

From Heinemann et al. (2006, A&A 448, 731).
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6. Non-equilibrium Hydrogen ionization

Under the condition of the dynamic solar chromosphere the assumption of

statistical equilibrium in the rate equations is not valid anymore.

In order to compute the dynamic hydrogen ionization in a three-dimensional

environment, simplifications are needed. E. Sollum (1990, Master thesis

Univ. Oslo) employs the method of fixed radiative rates. We then solve the

time-dependent rate equations

∂ni

∂t
+∇ · (niv) =

nl∑
j 6=i

njPji − ni

nl∑
j 6=i

Pij

Pij = Cij +Rij , where we assume that the radiation field in each transition,

both, bound-bound and bound-free, can be described by a formal radiation

temperature Trad.
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6. Non-equilibrium Hydrogen ionization (cont.)

In the method of fixed radiative rates we assume that the radiation field in each

transition, both, bound-bound and bound-free, can be described by a formal

radiation temperature:

Jν =
2hν3

c2
1

ehν/kTrad − 1

Thus, we obtain the fixed radiative rates for bound-bound transitions

Rlu = BluJν0
=

4π2e2

hν0mec
flu

2hν30
c2

1

ehν0/kTrad − 1

Rul = Aul +BulJν0
=

gl
gu

e
hν0/kTradRlu

Blu: Einstein coefficient for radiative excitation; flu: oscillator strength;

Aul, Bul: Einstein coefficient for spontaneous and stimulated deexcitation,

respectively; gl,u: statistical weights of the lower and upper level.
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6. Non-equilibrium Hydrogen ionization (cont.)

The hydrogen bound-free excitations have a Kramer’s absorption cross section:

σic(ν) = α0

(ν0
ν

)3

, ν > ν0 ,

where α0 is the absorption cross-section at the edge frequency ν0. In this case the

radiative rate coefficients are

Ric = 4π

∫ ∞

ν0

σic(ν)

hν
Jνdν =

8π

c2
α0ν

3
0

∫ ∞

ν0

1

ν

1

ehν/kTrad − 1
dν

=
8π

c2
α0ν

3
0

∞∑

n=1

E1

[

n
hν0
kTrad

]

, E1 being the first exponential integral

Rci = 4π

[
ni

nc

]

LTE

∫ ∞

ν0

σic(ν)

hν

(
2hν3

c2
+ Jν

)

e−hν/kTedν

=
8π

c2
α0ν

3
0

[
ni

nc

]

LTE

∞∑

n=1

E1

[(

n
Te

Trad
+ 1

)
hν0
kTe

]

.
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6. Non-equilibrium Hydrogen ionization (cont.)

Effect of dynamic H-ionization in the upper part of a 2-D simulation. Left column: LTE

ionization degree and electron density. Right column: Corresponding time-dependent

NLTE quantities. Bottom left: Gas temperature, which is the same for the LTE and the

time-dependent case. From Leenaarts & Wedemeyer-Böhm 2006.
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7. The transfer equation for polarized light

d

ds
I(s) = −κ(s)I(s) + ǫ(s) =⇒

d

ds
I(s) = −K(s)I(s) + ǫǫǫ(s)

d

ds










I

Q

U

V










= −










ηI ηQ ηU ηV

ηQ ηI ρV −ρU

ηU −ρV ηI ρQ

ηV ρU −ρQ ηI



















I

Q

U

V










+










ǫI

ǫQ

ǫU

ǫV
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7. The transfer equation for polarized light (cont.)

When using to the optical depth scale

d

dτ
I(τ) = K̃(τ) [I(τ)− S(τ)] , where

K̃ = K/ηI =










1 hQ hU hV

hQ 1 rV −rU

hU −rV 1 rQ

hV rU −rQ 1










and S =
ǫǫǫ

ηI

The formal solution can be written in terms of the evolution operator O as

I(τ) = O(τ, τ ′)I(τ ′) +

∫ τ ′

τ

O(τ, τ ′′)K(τ ′′)S(τ ′′) dτ ′′, with

O(τ, τ ′) = e−
∫ τ′

τ K(τ ′′)dτ ′′

=

4∑

i=1

e−(τ ′−τ)λiNi for K = const. .
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7. The transfer equation for polarized light (cont.)

Stability regions for

(a) the Runge-Kutta 4,

(b) cubic Hermitian,

(c) Adams- Moulton 3, and

(d) Adams-Moulton 4

methods. The cubic

Hermitian method shows

A-stability, while all other

methods have bounded

stability regions. From

Janett et al. (2017, ApJ

845:104).
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7. The transfer equation for polarized light (cont.)

A good and stable way to do this proceeds again by operator splitting:

K̃ = E+ (K̃−E) = E+KKK

d

dτ
I(τ) = K̃(τ) [I(τ)− S(τ)] = EI(τ) +KKK I(τ)− K̃S(τ)

︸ ︷︷ ︸

−SSS (τ,I)

=⇒

[
d

dτ
− E

]

I(τ) = −SSS (τ, I(τ))

The formal solution is then given by

I(τ) = e(τ−τ0)I0 −

∫ τ

τ0

e(τ−τ ′)
SSS (τ ′, I(τ ′))dτ ′ ,

where the integral is evaluated with the effective source function SSS (τ) approximated

by a polynominal Pq of degree q in the interval [τk, τk+1]. The integral can then be

evaluated yielding an implicit or explicit linear System for the Stokes vector Ik+1.
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7. The transfer equation for polarized light (cont.)

Top panel : Continuum intensity map; middle panel : linear polarization map; bottom

panel : the circular polarization map, all of the spectral line Fe I 6173.344 Å. Two

examples of Stokes Q and Stokes V profiles at two locations.

Courtesy, J.-M. Borrero.
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8. Box in a star vs. star in a box

Box in a star

Simulation of solar granulation with CO5BOLD.

400×400×165 grid cells, 11.2×11.2 Mm,

Contrast at λ ≈ 620 nm is 16.65%.

Courtesy M. Steffen, AIP Potsdam

Star in a box

Simulation of a Betelgeuse with CO5BOLD.

2353 grid cells, mstar = 12m⊙,

Teff = 3436 K, Rstar = 875R⊙

Courtesy Bernd Freytag, Uppsala
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